
Logic in Action
Chapter 4: The World according to Predicate Logic
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Basics of the Language

Looking for further structure

Statement Propositional translation

John reads

p

John walks

q

But the fact that both statements talk about “John” is lost.

With a language including predicates . . .

Statement Predicate translation

John reads

Rj

John walks

Wj
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Basics of the Language

The new features

The language of predicate logic allow us

1 to talk about objects, their properties and their relations with
other objects, and

2 to make use of universal and existential quantification.
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Basics of the Language

The ingredients

1 Symbols for constants:
a, b, c, . . .

2 Symbols for variables:
x,y, z, . . .

3 Symbols for predicates:

A,B,C, . . .P ,Q,R, . . .

4 Logical operators:
 ,^,_,Ñ,Ø

5 Quantifiers

@x (“for all x”) and Dx (“there exists an x”)
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Basics of the Language

Example: syllogistic statements

All A are B @xpAx Ñ Bxq

Some A are B DxpAx ^Bxq

All A are not B (No A is B) @xpAx Ñ  Bxq
�
 DxpAx ^Bxq

�
Some A are not B (Not all A are B) DxpAx ^  Bxq

�
 @xpAx Ñ Bxq

�

@xpAx Ñ Bxq @xpAx Ñ  Bxq�
 DxpAx ^Bxq

�

DxpAx ^Bxq DxpAx ^  Bxq�
 @xpAx Ñ Bxq

�
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Basics of the Language

But now we can do more

We can talk about relations between two or more objects:

John sees Mary:

Sjm

Mary sees John:

Smj

John gives Mary the book:

Gjmb

We can express more complicated quantifier petterns:

Everyone sees someone:

@xDypSxyq

Someone sees everyone:

Dx@ypSxyq

Everyone is seen by someone:

@xDypSyx q

Someone is seen by everyone:

Dx@ypSyx q
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Translations

Examples

Lxy � x loves y
Gx � x is a girl
Bx � x is a boy

Every boy loves a girl @x
�
Bx Ñ ϕpxq

�

x loves a girl ϕpxqDypGy ^ Lxyq

@x
�
Bx Ñ DypGy ^ Lxyq

�
@x

�
Bx Ñ DypGy ^ Lxyq

�

Every girl who loves all boys
does not love every girl

@x
��
Gx ^ ϕpxq

�
Ñ ψpxq

	

x loves all boys

x does not love every girl

ϕpxq

ψpxq

@ypBy Ñ Lxyq

 @zpGz Ñ Lxz q

@x
��
Gx ^ @ypBy Ñ Lxyq

�
Ñ ψpxq

	@x
��
Gx ^ @ypBy Ñ Lxyq

�
Ñ

 @zpGz Ñ Lxz q
	@x

��
Gx ^ @ypBy Ñ Lxyq

�
Ñ

 @zpGz Ñ Lxz q
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Reasoning Patterns with Quantifiers

Some intuitive validities


  @xϕx is equivalent to Dx ϕx


  Dxϕx is equivalent to @x ϕx


 @xϕx is equivalent to  Dx ϕx


 Dxϕx is equivalent to  @x ϕx


  @x
�
ϕx Ñ ψx

�
is equivalent to Dx 

�
ϕx Ñ ψx

�

is equivalent to Dx
�
ϕx ^  ψ

�


 @x
�
ϕx Ñ  ψx

�
is equivalent to  Dx 

�
ϕx Ñ  ψx

�

is equivalent to  Dx
�
ϕx ^ ψx

�


 @x
�
ϕx ^ ψx

�
is equivalent to @xϕx ^ @xψx


 Dx
�
ϕx _ ψx

�
is equivalent to Dxϕx _ Dxψx
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Formulas, Situations and Pictures

Evaluating predicate logic formulas (1)

Colors (Red, Green, Blue, Purple) and shapes (Square, Circle).

ab


 Ba 
 Ba ^Gb

 DxSx _ Cb 
  Sa

 Ra Ñ Sb 
 Ra Ñ DxSx
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 DxRx 
  @x Rx

 @xpRx Ñ Cx q 
 @xpRx ^ Cx q
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 DxpRx ^ Cx q 
 DxRx ^ DxCx

 @xpCx _ Sx q 
 @xCx _ @xSx
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Formulas, Situations and Pictures

Evaluating predicate logic formulas (2)

�: boy 
: girl 
 Ñ �: 
 loves �

p j

k


 Ljk Ñ Lkj 
 Ljk ^ Lkj

  pLjk ^ Lkj q 
 pLjk ^ Lpkq Ñ p Lpj ^  Lkj q

 @xpBx Ñ Lxkq 
  @xpGx Ñ Lxx q

 @xppBx _Gx q Ñ  Lxpq 
 DxpGx ^ Lpx ^ Lxj q
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Syntax – Formal Definition

The predicate language

The language is built in two steps.

1 A term t is a variable (x,y, z, . . . ) or a constant (a, b, c, . . . ).

2 A formula is built via the following rules.

If t1, . . . , tn are terms and P a symbol of a predicate, then the
following is a formula:

P t1 � � � tn

If ϕ and ψ are formulas, then the following are formulas:

 ϕ, ϕ ^ ψ, ϕ _ ψ, ϕ Ñ ψ, ϕ Ø ψ

If ϕ is a formula and x is a variable, the following are formulas:

@xϕ, Dxϕ
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Syntax – Formal Definition

Examples of formulas

Lxx ^  Lmx

DxLjx

@xLjx

@x
�
Bx Ñ DypGy ^ Lxyq

�
 Dx

�
Gx ^ @yp Lxyq

�
@x

�
DypLxyq Ñ DzpLzx q

�
Dy@xpLyx q
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Syntax – Formal Definition

Binding variables

Scope of a quantifier. In a formula of the form @xϕ (Dxϕ), the
subformula ϕ is said to be the scope of the quantifier @ (D).

Binding a variable. In a formula of the form @xϕ (Dxϕ), the
quantifier @ (D) binds any occurrence of x in ϕ that is not bound by
another quantifier inside ϕ.

Bound variable. An occurrence of a variable x is bound in a formula
ϕ if there is a quantifier in ϕ that binds it.

Free variable. An occurrence of a variable x is free in a formula ϕ if
no quantifier in ϕ binds it.
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Kinds of formulas

Closed formula. A formula is closed if every occurrence of every
variable in the formula is bound.

Open formula. A formula is open if it is not open, that is, if it
contains at least one free occurrence of a variable.
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Substitution (1)

Substitution inside a term. Replacing the occurrences of the variable y for
the term t inside the term s produces the term denoted by

psqyt

Formally,

For a constant: pcqyt :� c

For a variable:

#
pxqyt :� x for x different from y

pyqyt :� t

Examples:

paqxc := a

pxqya := x

pzqzy := y
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Substitution (2)

Substitution inside a formula. Replacing the free occurrences of the
variable y for the term t inside the formula ϕ produces the formula denoted
by

pϕqyt

Formally,

pP t1 � � � tnq
y
t := P pt1 q

y
t � � � ptnq

y
t

p ϕqyt :=  pϕqyt

pϕ ^ ψqyt := pϕqyt ^ pψq
y
t

pϕ _ ψqyt := pϕqyt _ pψq
y
t

pϕ Ñ ψqyt := pϕqyt Ñ pψqyt

pϕ Ø ψqyt := pϕqyt Ø pψqyt

#
p@xϕqyt := @xpϕqyt

p@yϕqyt := @yϕ

#
pDxϕqyt := Dxpϕqyt

pDyϕqyt := Dyϕ
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Semantics – Formal Definition

Models

A model is a tuple M � xD, I, gy where

D is the domain: a non-empty collection of objects,

I is the interpretation function, assigning to each symbol for
constant and symbol for predicate an object in D and a relation
over objects in D, respectively,

g is the variable assignment, assigning to each variable an
object an object in D.

For a constant a, sometimes we will abbreviate object Ipaq as aI .
For a predicate P , sometimes we will abbreviate relation IpP q as PI .
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Semantics – Formal Definition

Modifying variable assignments

Given a variable assignment g, a variable x and an object d in D,
we define the variable assignment grx:�ds as

#
grx:�dspyq :� gpyq

grx:�dspxq :� d

The variable assignment grx:�ds differs from g only in the value of
x, given now by d.
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Semantics – Formal Definition

Assigning values to terms

Given a model M � xD, I, gy, the value of every term t, JtKIg, is
defined as follows.

For a constant a: JaKIg := Ipaq

For a variable x: JxKIg := gpxq
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Semantics – Formal Definition

Deciding truth-value of formulas

xD, I, gy |ù P t1 � � � tn iff
�
Jt1KIg, . . . , JtnKIg

�
P IpP q

xD, I, gy |ù  ϕ iff it is not the case that xD, I, gy |ù ϕ

xD, I, gy |ù ϕ ^ ψ iff xD, I, gy |ù ϕ and xD, I, gy |ù ψ

xD, I, gy |ù ϕ _ ψ iff xD, I, gy |ù ϕ or xD, I, gy |ù ψ

xD, I, gy |ù ϕ Ñ ψ iff xD, I, gy |ù ϕ implies xD, I, gy |ù ψ

xD, I, gy |ù ϕ Ø ψ iff xD, I, gy |ù ϕ if and only if xD, I, gy |ù ψ

xD, I, gy |ù @xϕ iff for every d PD we have xD, I, grx:�dsy |ù ϕ

xD, I, gy |ù Dxϕ iff there is a d PD such that xD, I, grx:�dsy |ù ϕ
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Valid Formulas and Valid Inference

Definitions (1)

A formula ϕ is (logically) valid if, for every model M , we have
M |ù ϕ. In such case, we will write |ù ϕ.

An inference ϕ1, . . . ,ϕn{ψ is (logically) valid if, for every model
M for which we have M |ù ϕ1, . . . , M |ù ϕn, we also have
M |ù ψ. In such case we will write ϕ1, . . . ,ϕn |ù ψ.
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Valid Formulas and Valid Inference

Definitions (2)

In particular, for two formulas ϕ and ψ,

ψ (logically) follows from ϕ if

ϕ |ù ψ

ψ is (logically) equivalent to ϕ if

ϕ |ù ψ and ψ |ù ϕ
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Proof

Proof system

The valid formulas of predicate logic can be derived from the following principles:

1 All propositional tautologies.

2 @xϕ Ñ pϕqxt , provided that no variable in t occurs bounded in ϕ.

3 @xpϕ Ñ ψq Ñ p@xϕ Ñ @xψq.

4 ϕ Ñ @xϕ, provided that x does not occur free in ϕ.

5 Dxϕ Ø  @x ϕ.

6 Modus ponens (MP): from ϕ and ϕ Ñ ψ, infer ϕ.

7 Universal generalization (UG): from ϕ infer @xϕ, provided that x does
not occur free in any premise which has been used in the proof of ϕ.

A formula that can be derived by following these principles in a finite number of

steps is called a theorem.
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Proof

Example

1. @x ϕ Ñ p ϕqxt Axiom 2

2. @x ϕ Ñ  pϕqxt Definition of substitution

3.
�
@x ϕ Ñ  pϕqxt

	
Ñ

�
pϕqxt Ñ  @x ϕ

	
Propositional tautology

4. pϕqxt Ñ  @x ϕ MP from steps 2 and 3

5. pϕqxt Ñ Dxϕ Axiom 5

Hence, pϕqxt Ñ Dxϕ is a theorem.
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Proof

Proof system

The given proof system has two properties:

Soundness: every derivable theorem is a valid formula.

Completeness: every valid formula is a derivable theorem.
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Identity and Function Symbols

Identity

The predicate for identity “�”.

If t1 and t2 are terms, then t1 � t2 is a formula.

Example: “John loves Mary and Bill loves another girl”

Ljm ^ Dx
�
Gx ^  px � mq ^ Lbx

�
xD, I, gy |ù t1 � t2 iff Jt1KIg and Jt2KIg are the same object.
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Identity and Function Symbols

Function symbols

Symbols for functions:
f , g,h, . . .

If t1, . . . , tn are terms and f is a function symbol, fpt1, . . . , tnq is a term.

Example: “The successor of every number is bigger than the number”

@xpx   spxqq

In a model xD, I, gy, the interpretation function assigns, to each function
symbol f , a function Ipfq over D.

The value of a function: Jfpt1, . . . , tnqKIg :� Ipfq
�
Jt1KIg, . . . , JtnKIg

�
.

Example: the successor function s is given by Ipsqpnq :� n � 1.
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